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In this work, we have calculated the deceleration parameter, statefinder parameters and EoS pa- 
rameters for different dark energy models with variable G correction in homogeneous, isotropic and 
non-flat universe for Kaluza-Klein Cosmology. The statefinder parameters have been obtained in 
terms of some observable parameters like dimensionless density parameter, EoS parameter and Hub- 
ble parameter for holographic dark energy, new agegraphic dark energy and generalized Chaplygin 
gas models. 
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I. INTRODUCTION 

Recent cosmological observations obtained by SNe la WMAP 0, SDSS [1] and X-ray Q indicate that 
the observable universe experiences an accelerated expansion. To explain this phenomena the notion known as 
dark energy (DE) with large negative pressure is proposed. At present there are a lot of theoretical models of 
DE. But the most suitable models of DE is the cosmological constant. According of the modern observational 
cosmology, the present value of cosmological constant is 10~^^cm~^. At the same time, the particle physics 
tells us that its value must be 10^^" times greater than this factor. It is one main problem modern cosmology 
and known as the cosmological constant problem. In order to solve this problem, some authors considered the 
cosmological constant as a varying parameter (see e.g. 043)- Here we can mention that Dirac showed that 
some fundamental constants do not remain constant forever rather they vary with time due to some causal 
connection between micro and macro physics [Toj that is known as Large Number Hypothesis (LNH). The 
field equations of General Relativity (GR) involve two physical constants, namely, the gravitational constant G 
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(couples the geometry and matter) and cosmological constant A (vacuum energy in space). According to the 
LNH, the gravitational constant should also vary with time. In pjj LNH was extended by taking cosmological 

constant as A = ^^^^r-^, where is the mass of proton and h is the Plancks constant. It was showed that A 
produces the same gravitational effects in vacuum as that produced by matter JJJ. As result, this cosmological 
term must be included in the physical part of the field equations. In [11] also defined gravitational energy of the 
vacuum as the interactions of virtual particles separated by a distance where c is the speed of light. It is 
also interesting to note that a time varying gravitational constant also appears in the entropic interpretations 
of gravity [l^l ■ 

In the literature, many modifications of cosmological constant have been proposed for the better description 
and understanding of DE (see e.g. 13]). For example, in flij was studied the field equations by using three 

different forms of the cosmological constant, i.e., A ^ (^) , A ^ (^) and A ^ p and shown that these models 
yield equivalent results to the FRW spacetime. From these investigations follow that an investigation about 
the scale factor and other cosmological parameters with varying G and A may be interesting especially for 
description the accelerated expansion of the universe. 

According modern point of views, multidimensional gravity theories may play important role to explain main 
problems of cosmology and astrophysics in particular DE. One of classical examples of such theories is the 
theory of Kaluza-Klein (KK) ^Mi- It is a 5 dimensional GR in which extra dimension is used to couple the 
gravity and electromagnetism (see e.g., the review [T7l - [l9| and references therein). In the context of our interest 
- DE, recently it was studied [l^l that the non-compact, non-Ricci KK theory and coupled the flat universe 
with non- vacuum states of the scalar field. For the suitable choose of the equation of state (EoS), the reduced 
field equations describe the early inflation and late time acceleration. Moreover, the role played by the scalar 
field along the 5th coordinate in the 5D metric is in general very impressed by the role of scale factor over the 
4D universe. 

In recent years, the holographic dark energy (HDE) has been studied as a possible candidate for DE. It 
is motivated from the holographic principle which might lead to the quantum gravity to explain the events 
involving high energy scale. Another interesting models of DE are the so-called new-agegraphic dark energy 
which is originated from the uncertainty relation of quantum mechanics together with the gravitational effect 
of GR. In general, the agegraphic DE model assumes that the observed DE effect comes from spacetime and 
matter field fluctuations in the universe. 

In the interesting paper pTj it was introduced a new cosmological diagnostic pair {r, s} called statefinder which 
allows one to explore the properties of DE independent of model. This pair depends on the third derivative 
of the scale factor, a{t), just like the dependence of Hubble and deceleration parameter on first and second 
derivative of respectively. It is used to distinguish flat models of the DE and this pair has been evaluated for 
different models [23 - [30| . In [s^] it was solved the fleld equations of the FRW universe with variable G and A 
(see also [Sll] where was considered the flat KK universe with variable A but keeping G fixed). There are many 
works on higher dimensional space-time also [s^ ]. 

In this work, we have calculated the statefinder parameters for different dark energy models with variable G 
correction in Kaluza-Klein cosmology. We evaluate different cosmological parameters with the assumption that 
our universe is filled with different types of matter. The scheme of the paper is as follows. In the next section, 
the KK model and its field equations are presented. In section III, solution of the field equations for the HDE 
are presented and section IV the new-agegraphic dark energy case is considered. Generalized Chaplygin Gas 
model is studied in the section V. In section VI, we summarize the results. 



II. KALUZA-KLEIN MODEL 



The metric of a homogeneous and isotropic universe in the Kaluza-Klein model is 



dr^ 



1 — fcr^ 



sm 



') + (l-fcr2)dV^ 



(1) 



where a{t) is the scale factor, fc = — 1, 0, 1 is the curvature parameter for spatially closed, flat and open universe 
respectively. 



We assume that the universe is filled with dark energy and matter whose energy-momentum tensor is given 

by 
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T^,u = {Pm + Px +Px)Uf_,U^ - PxQiiu 



(2) 



where is the five velocities satisfying u^u^ = 1. pm and px are the energy densities of matter and dark 
energy respectively and Px is the pressure of the dark energy. We consider here the pressure of the matter as zero. 



The Einstein's field equations are given by 



(3) 



where R^^, g^v and R are Ricci tensor, metric tensor and Ricci scalar respectively. Here we consider gravitational 
constant G as a function of cosmic time t. Now from the equations (1), (2) and (3) we have the Einstein's field 
equations for the isotropic Kaluza-Klein space time (1) are 



2 k 47rG(t) 
H + ^ ^ — - — (p„ 



(4) 



H + 2H^ 



-Px 



(5) 



Let the dark energy obeying the equation of state px = ujpx- Equation (4) gives 



^\ ~ — ^^^^ ~"| ^^■^ ^\ 



(6) 



where 0^, ^x and f2fe are dimensionless density parameters representing the contribution in the total energy 
density. The deceleration parameter q in terms of these parameters are given by 



q = VLm + {l + 2uj)Vtx 



where 



(7) 



The trajectories in the {r, s} plane [33l | corresponding to different cosmological models depict qualitatively 
different behaviour. The statefinder diagnostic along with future SNAP observations may perhaps be used to 
discriminate between different dark energy models. The above statefinder diagnostic pair for cosmology are 
constructed from the scale factor a. The statefinder parameters are given by 



r — 1 



' 3(g- 1/2) 

From the expression of one of the statefinder parameter r, we have a relation between r and q is given by 



From (7) we have 



Also we have 



where 



r = q + 2q^-j^ 



q = Qra + (1 + 2Lu)nx + 2wfix 



p k 



Per 0?H'^ 



which gives n = — - — - j-^ 



311^ f H G 

Per — -. — 777T which gives after differentiation per — Per MT? ~ 7^ 

4:7rCr[t) \ ^ 



(8) 

(9) 
(10) 

(11) 



which imphes 

p„ = -Hp,r{2{l + q) + AG) (12) 
where, AG = G = HG' . Now from equation (10) we have 

f2 = — + VLkH{2 + AG) + nH{2{l + q) + AG) (13) 

Per 

We assume that matter and dark energy are separately conserved. For matter, pm + 4:Hpm = 0. So from (13) 

tlm = fl„iH{-2 + 2q + AG) + flkH{2 + AG) (14) 
For dark energy, p^ + 4i/(l + cj)pj. = 0. So from (13) 

= ^xH{-2 -Auj + 2q + AG) + VLkH{2 + AG) (15) 
From (8), (9), (14), (15) we have expression for r and s given by 

r = 3^2™ + (3 + lOw + 8a;^)r2^ - 4(1 + a;)f7fc - AG(r2™ + (1 + 2a;)f7^ + 2(1 + u)nk) - (16) 

_ 3f7™ + (3 + lOw + 8^2)17^ _ 4(1 + w)r2fc - AG(17™ + (1 + 2w)17^ + 2(1 + cj)r2fc) - - 1 

3(-l/2 + f]„ + 17^ + 2w!l^) ^ ^ 

III. HOLOGRAPHIC DARK ENERGY 

To study the dark energy models from the holographic principle it is important to mention that the number 
of degrees of freedom is directly related to the entropy scale with the enclosing area of the system, not with the 
volume [sj] ■ Where as Cohen et al [ssll suggest a relation between infrared (IR) and the ultraviolet (UV) cutoff 
in such a way that the total energy of the system with size L must not exceed the mass of the same size black 
hole. The density of holographic dark energy is 

Here c is the holographic parameter of order unity. Considering L — H^^ one can found the energy density 
compatible with the current observational data. However, if one takes the Hubble scale as the IR cutoff, the 
holographic dark energy may not capable to support an accelerating universe (36j . The first viable version 
of holographic dark energy model was proposed by Li [s^, where the IR length scale is taken as the event 
horizon of the universe. The holographic dark energy has been explored in various gravitational frameworks [ssl ] 

The time evolution is 

Px = -PxH{2 ~ -^^—^cosy + AG) (19) 
where L is defined as L = ar{t) with a is the scale factor. Also r{t) can be obtained from the relation 



oo 



dt _ f(t) dr 



where Rh is the event horizon. When Rh is the radial size of the event horizon measured in the r direction, 
L is the radius of the event horizon measured on the sphere of the horizon. 



For closed (or open) universe we have r(t) = -^siny, where y 
using the definition D.^ = — and Pcr — we have HL = ,' . 

° Per 47rG(t) VSnj 
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And using all these we ultimately obtain the relation L — HL + ar(t) — — cosy, by which we find the 

equation (19). 

From the energy conservation equation and the equation (19) we have the holographic energy equation of 
state given by 



1 / 2vm^ 

w = - 1—2 cosy + AG 



(20) 



where, flk — ^i jji ; — 2i}^H'^ ^'"^ usual fractional densities in KK model. 



From the ration of the fractional densities we have, sin^y = and naturally, cosy — y — 
Now differentiating (20) and using (15) we have 



uj _ wnli-i + n^) + c^n^{3A'G + nk{2 - sn^)) - AcV-c^nt + 2n^{{2 + AG)nk + ^xi^nm + Acn.^)) 

H ~ 



Uc'^n^ 



Now putting (21) in (16) and (17), we have 
1 



(21) 



= ^ [8(5 - 2n^)nl - c2(3(2(-3 + AG)an + (-AG + A'G)^,^;) + f7fc(3(2 + AG)^ + UQ^ - 8^1)) 



-2cv/-c20fc + 20:^(5(2 + AG)f7fe + + 4r2„ + AG(-3 + 2^2^))) 



(22) 



9c{-2n^y/-c'^nk + 2n.^ + c(-i + 2n„, + Acn^)) 



[8(5 - 2Q^)nl - c2(3(2 + 2(-3 + AG)Qm + (-AG + A'G)Q^) 



+f2fc(3(2 + AGf + 14f7^ - Snl)) + 2c^/-c^nk + 2n^{5{2 + AG)f7fe + + 4a« + AG(-3 + 2n^))) 

(23) 

This is the expressions for {r, s} parameters in terms of fractional densities of holographic dark energy model 
in Kaluza-klein cosmology for closed (or open) universe. 



IV. NEW AGEGRAPHIC DARK ENERGY 



There are another version of the holographic dark energy model called, the new agegraphic dark energy model 
[39} . where the time scale is chosen to be the conformal time. The new agegraphic dark energy is more acceptable 
than the original agegraphic dark ennergy, where the time scale is choosen to be the age of the universe. The 
original ADE suffers from the difficulty to describe the matter-dominated epoch while the NADE resolved this 
issue. The density of new agegraphic dark energy is 

where n is a constant of order unity, where the conformal time is given by 77 = ■ 
If we consider 77 to be a definite integral, the will be a integral constant and we have fj = ^. 
Considering KK cosmology and using the definition fl^ = and pcr = ^^^^^^ we have Hrj 
After introducing the fractional energy densities we have the time evolution of NADE as 

p^ = -p^h(^^ + ag) 

\ na J 



(24) 



n 



(25) 
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From the energy conservation equation and the equation (25) we have the new agegraphic energy equation of 
state given by 



1 / 2^/2^;; , 

uj=- -4+^^ ^ + AG 

4 V na 



where, Vt^ ~ 'shpi — 2r]^H'^ ^'^^ usual fractional densities in KK model. 
Differentiating (26) and using (15) we have 



(26) 



uj _ a^A'Gn^y/^ + 4(-l + + V2an{{2 + AG)nk + n^i2n„^ + (-2 + AG)n^)) 

Now putting (27) in (16) and (17), we have the expression for r, s as 



(27) 



2a^n^ 



4(-3 + na:)nl + V2any^{3{2 + AG)nk + (2(3 + ~ ^x) + AG(-2 + 



Wn^iAG^nk - 6n,n + (-2 + A'G)n^ + AG(2(f7fe + f7„0 + n^))] 



(28) 



3an{2V2nl^^ + an{-l + 2f7,„ + (-2 + AG)r2^)) 



4(-3 + nx)^l + V2an^/n^{3{2 + AG)17fc + (2(3 + r2,„ - il^) 



+AG(-2 + + a^n^{2 + AG^^k - 6n„, + (-2 + A'G)n^ + AG{2{nk + n.m) + n^))] (29) 

This is the expressions for {r, s} parameters in terms of fractional densities of new agegraphic dark energy 
model in Kaluza-klein cosmology for closed (or open) universe. 



V. GENERALIZED CHAPLYGIN GAS 

It is well known to everyone that Chaplygin gas provides a different way of evolution of the universe and 
having behaviour at early time as presureless dust and as cosmological constant at very late times, an advantage 
of GCG, that is it unifies dark energy and matter into a single equation of state. This model can be obtained 
from generalized version of the Born-Infeld action. The equation of state for generalized Chaplygin gas is [i^ 



Px = 

Px 



(30) 



where < a < 1 and yl > are constants. Inserting the above equation of state (30) of the GCG into the 
energy conservation equation we have 



Px = 



A 



B 



a4(a+l) 



where B is an integrating constant. 



= ^A\A 



B 



,4(1+q) 



(31) 



(32) 



Differentiating (32) and using (15) we have 
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— = -AAB(l + a)—J— 



A 



B 



a4(l+a) 



(33) 



Now putting (33) in (16) and (17), we have 



r = 30„ - AGn„, + n^ + AGQ^ 



2B((2 + AG)f7fc + r2^(-l + AG-4a)) W^Vt^a 



(a4+4"A + B) 



(Aa4+4" + Bf 



(34) 



s — -J 2Ari A \ ) 

3 (^—1/2 + — ^_|_a-4(l+c,)^ J 

This is the expressions for {r, s} parameters in terms of fractional densities of generahzed Chaplygin gas model 
in Kaluza-klein cosmology for closed (or open) universe. 



VI. CONCLUSIONS 



In this work, we have considered the homogeneous, isotropic and non-flat universe in 5D Kaluza-Klein Cos- 
mology. We have calculated the corrections to statefinder parameters due to variable gravitational constant 
in Kaluza-Klein Cosmology. These corrections are relevant because several astronomical observations provide 
constraints on the variability of G. We have investigated three multipromising models of DE such as the Holo- 
graphic dark energy, the new-agegraphic dark energy and generalized Chaplygin gas. These dark energies derive 
the accelerating phase of the Kaluza-Klein model of the universe. We have assumed that the dark energies do 
not interact with matter. In this case, the deceleration parameter and equation state parameter for dark en- 
ergy candidates have been found. The statefinder parameters have been found in terms of the dimensionless 
density parameters as well as EoS parameter uj and the Hubble parameter. An important thing to note is that 
the G-corrected statefinder parameters are still geometrical since the parameter AG is a pure number and is 
independent of the geometry. 
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